
Proper scoring rules for evaluating asymmetry in density forecasting
Matteo Iacopini (Vrije Universiteit Amsterdam), Francesco Ravazzolo (Free University of Bozen) & Luca Rossini (Queen Mary University)

EC2 Conference, December 11-12, 2020, CREST-ENSAE & ESSEC

Objectives
•propose a novel asymmetric continuous

probabilistic score (ACPS) for evaluating
and comparing density forecasts.
•define weighted versions which emphasize
regions of interest, such as the tails or the
center of a variable’s range [1].
• test to statistically compare the predictive
ability of different forecasts.
•application: assess and compare density
forecasts of macroeconomic relevant datasets
(US employment growth) and of commodity
prices (oil and electricity prices).
• for electricity prices (EEX), models with
time-varying volatility outperform the constant
volatility models, but all (econometric) models
are wrongly calibrated. Role of fundamentals,
in particular RES.

Introduction

•majority of the research in macroeconomics and
finance focuses on forecasting techniques that
minimize the expected squared forecast error =⇒
implicit assumption: symmetric loss function
•Policymakers could have a specific aversion to
positive or negative deviations of a forecast from
the target (drop in oil prices?)
• asymmetric loss functions exist [2], but only for
point forecasting
• empirical investigations of the degree of loss
function asymmetry for point forecasting of
central banks / international institutions [3],[4]
• lack of studies for asymmetry in density
forecasting.

Figure 1: WTI price.

Scoring rules

A scoring rule S :P×Ω→ R̄ summarises the good-
ness of a probabilistic forecast by combining the pre-
dictive distribution P and the value that actually
materializes ω. It measures the distance between
the probabilistic forecast and the actual value.
Scoring rules have to be proper, meaning that they
have to reward accurate forecasts. Suppose the true
density of the observations is Q and define

S(P, Q) = EQ[S(P, ω)] =
∫

Ω
S(P, ω)Q(dω),

then S is strictly proper if S(Q, Q) ≥ S(P, Q)
with equality if and only if P = Q.

Simulations

Important Result

Let c ∈ (0, 1) be the level of asymmetry, such that c = 0.5 implies a symmetric loss, while c < 0.5 penalises
more the left tail, and c > 0.5 the right tail. Let P be the probabilistic forecast and y the realized (ex-post)
value. We define the asymmetric continuous probability score (ACPS) as

ACPS(P, y; c) =
∫ y

−∞

(
c2 − P (u)2

)[I(P (u) > c)
(1− c)2 + I(P (u) ≤ c)

c2

]
du

+
∫ +∞

y

(
(1− c)2 − (1− P (u))2

)[I(P (u) > c)
(1− c)2 + 1I(P (u) ≤ c)

c2

]
du.

We show that the ACPS is strictly proper using the quadratic score for binary outcomes, which is strictly
proper, and two transformations that preserve properness, see [5, 6].

Paper – https://arxiv.org/abs/2006.11265
MATLAB code – https://github.com/matteoiacopini/acps

Results - Oil prices

Figure 2: Top: values of ACPS for 1-step ahead density forecasts
of OIL prices according to AR(20) for different asymmetry levels c:
0.05 (dashed red), 0.275 (dashed yellow), 0.50 (dashed black), 0.725
(dashed purple), 0.95 (dashed green). Bottom: observed values of
time series (solid black).

Results - EEX

h = 1
AR(1) AR(1)-SV AR(1)-tSV AR(20) AR(20)-SV AR(20)-tSV AR(1)-MS

ACPS(·, ·; 0.05) 11 8∗ 6∗∗∗ 9∗∗∗ 3∗∗∗ 1∗∗∗ 12
ACPS(·, ·; 0.5) 12 10∗∗∗ 11∗ 7∗∗∗ 2∗∗∗ 5∗∗∗ 13
ACPS(·, ·; 0.95) 12 7∗∗∗ 8∗∗∗ 11∗∗∗ 2∗∗∗ 6∗∗∗ 13
CRPS 13 10∗∗∗ 11∗ 7∗∗∗ 1∗∗∗ 5∗∗∗ 12

TVP-AR(1) TVP-AR(1)-SV TVP-AR(1)-tSV TVP-AR(2) TVP-AR(2)-SV TVP-AR(2)-tSV
ACPS(·, ·; 0.05) 13 7∗∗ 4∗∗ 10 5∗∗ 2∗∗∗
ACPS(·, ·; 0.5) 9∗∗∗ 6∗∗∗ 4∗∗∗ 8∗∗∗ 3∗∗∗ 1∗∗∗
ACPS(·, ·; 0.95) 9∗∗∗ 3∗∗∗ 5∗∗∗ 10∗∗∗ 1∗∗∗ 4∗∗∗
CRPS 9∗∗∗ 6∗∗∗ 4∗∗∗ 8∗∗∗ 3∗∗∗ 2∗∗∗

h = 7
AR(1) AR(1)-SV AR(1)-tSV AR(20) AR(20)-SV AR(20)-tSV AR(1)-MS

ACPS(·, ·; 0.05) 5 13 12 1∗∗∗ 11 4 7
ACPS(·, ·; 0.5) 10 12 13 9∗∗∗ 8∗∗∗ 7∗∗∗ 11
ACPS(·, ·; 0.95) 12 11 10 9∗∗∗ 7∗ 5∗∗ 13
CRPS 10 12 13 9∗∗∗ 8∗∗∗ 7∗∗∗ 11

TVP-AR(1) TVP-AR(1)-SV TVP-AR(1)-tSV TVP-AR(2) TVP-AR(2)-SV TVP-AR(2)-tSV
ACPS(·, ·; 0.05) 3 9 8 2 10 6
ACPS(·, ·; 0.5) 6∗∗∗ 4∗∗∗ 2∗∗∗ 5∗∗∗ 3∗∗∗ 1∗∗∗
ACPS(·, ·; 0.95) 1∗∗∗ 8∗ 4∗∗ 2∗∗∗ 6∗ 3∗∗
CRPS 6∗∗∗ 4∗∗∗ 2∗∗∗ 5∗∗∗ 3∗∗∗ 1∗∗∗

Table 1: CRPS results similar to ACPS(·, ·; 0.5) results, but dif-
ferences when accounting for asymmetry. Test (stars) alternative
relative to the AR(1) benchmark.

Conclusion

•New proper scoring rule for evaluating
asymmetry in density forecasting
•Extensions to threshold- and quantile-weighted
versions and derivation of testing methodology
•Applications: employment growth, oil prices, and
electricity prices
•Time-varying volatility is important for electricity
prices. However, all density forecasts based on
econometric models are not correctly calibrated
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