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Objectives

We consider a linear factor model with non-Gaussian and
Gaussian factors to generalize the classic factor model, and
conduct factor analysis when (N, T )→∞:
•How to estimate the number of non-Gaussian and Gaussian
factors?

•How to estimate the factors and factor loadings?
•What are the asymptotic properties of the factor model esti-
mates?

Introduction

Usefulness of Factor models:
•Macroeconomic aggregates prediction (Stock and Watson,
2002);

•Assets pricing (Chamberlain et al., 1983);
Drawbacks of recent approaches:
•PCA, QML: Fail to capture the factors explaining the non-
normal dependence in the data;

•Jondeau et al. (2018)’s MCA: not model-based, the asymp-
totic properties are unknown; Fixed N .

• ICA: just a rotation based on PCA, no adding efficiency for
estimating common components.

Highlights of this paper
•A new class of high dimensional factor analysis based on
the higher-order multi-cumulants. This new approach
consists of a generalized eigenvalue ratio (GER) esti-
mator to select the number of non-Gaussian factors, and uses
alternating regression to estimate both the Gaussian and
non-Gaussian factors.

•We derive the consistency of the factor number test and
the asymptotic properties of the factor model estimates.

•Computationally convenient and easy to implement.
•An empirical application further shows the usefulness of HFA
factors in macroeconomic aggregates forecasting.

Models

For i = 1, 2, . . . , N and t = 1, 2, . . . , T

xit = λ′hifht + λ′gifgt + eit, (1)

where fht ∈ RRh×1, fgt ∈ RRg×1. Rh and Rg are the number of
non-Gaussian and Gaussian factor.
Definition 1 : The multi-cumulants of zt ∈ RQ×1 for the
second-, third-, and fourth-order moments are

κz,ij =mz,ij,

κz,ijk =mz,ijk,

κz,ijkl =mz,ijkl −mz,ijmz,kl

−mz,ikmz,jl −mz,ilmz,jk,

(2)

where i, j, k, l ∈ {1, 2, . . . , Q} and k ≥ 2, mz,ijkl = E[zizjzkzl].
Notations:
• C(k)

z : k-th-order multi-cumulant matrix of zt;
• C̃(k)

z : sample estimator of C(k)
z ;

•σr(A): the r-th largest singular value of matrix A.
Definition 2 : We have two types of factors in model (1),
which are
• (i) The Gaussian factors fgt, which satisfied
{fgt;∀3 ≤ k ≤ K, p limT→∞ σj(C̃(k)

g ) = σj(C(k)
g ) = 0, j =

1, 2, . . . , Rg} ∈ RRg

• (ii) The factors fht for which all singular values of k-th order
multi-cumulant are non-zero with 3 ≤ k ≤ K, that is
{fht;∀3 ≤ k ≤ K, p limT→∞ σj(C̃(k)

h ) = σj(C(k)
h ) > 0, j =

1, 2, . . . , Rh} ∈ RRh.
The latter are referred to as non-Guassian factors throughout
the paper.

Idea of this paper

•The k-th order population multi-cumulant matrix of xt (3 ≤
k ≤ K), C(k)

x , can be express as

C(k)
x = ΛhC(k)

h (Λ′⊗(k−1)
h ) + C(k)

e , (3)

•The k-th-order multi-cumulant of response variables xt is
dominated by the k-th-order multi-cumulant of the non-
Gaussian factors fht.

Selecting the Number of Factors

Estimating the number of non-Gaussian factors
We define

µ̃
(k)
NT,r ≡ σr(N−

k
2C̃(k)

x ), (4)

The criterion function is defined as:

GER(k)(r) ≡
µ̃

(k)
NT,r

µ̃
(k)
NT,r+1

, r = 1, 2, . . . , Rh,max. (5)

Our proposed estimators for Rh are the maximizers of GER(k)(r):
R̂

(k)
h,GER = max

1≤r≤Rh,max

GER(k)(r), (6)

Estimating the number of Gaussian factors
The number of Gaussian factors Rg by the filtered series

ωg,t = xt − Λhfht = Λgfgt + et. (7)
The series ωg,t only contains Gaussian factor structure, the classi-
cal mean-variance based criterions are feasible for estimating Rg.
e.g. Bai and Ng (2002)’s IC, Ahn and Horenstein (2013)’s ER.

Estimating Factors and Loadings

The joint least squares objective function we proposed as follows

L(Fh, Fg,Λh,Λg) = (NT )−1 T∑
t=1
‖xt − Λhfht − Λgfgt‖2

+
K∑
k=3

γk−2

Nk
‖C̃(k)

x − ΛhC̃(k)
h (Λ′⊗(k−1)

h )‖2,
(8)

where γk−2 = O(1) and K is the maximum order considered.

Alternating least squares (ALS) algorithm
Step 1 Initialize the non-Gaussian factors and the corresponding

factor-loading matrix {F (0)
h ,Λ(0)

h }.
Step 2Given {F (0)

h ,Λ(0)
h }, updating {F (1)

g ,Λ(1)
g } =

arg minLg(Fg,Λg).
Step 3Given {F (1)

g ,Λ(1)
g }, updating {F (1)

h ,Λ(1)
h } =

arg minLh(Fh,Λh).
Step 4Repeat Step 2 and Step 3 until convergence.

Computational issues

•The dimension of C̃(k)
x increases exponentially as N increases.

•Conduct SVD for C̃(k)
x just need compute C̃(k)

x C̃(k)′
x ∈ RN×N .

•For k = 3, we have

C̃(3)
x C̃(3)′

x = 1
T 2X

′((XX ′) ◦ (XX ′))X, (9)
•For k = 4, we have

C̃(4)
x C̃(4)′

x = 1
T 2X

′((XX ′) ◦ (XX ′) ◦ (XX ′))X
+N1 +N2 +N3.

(10)

where N1,N2 and N3 are N ×N matrix consist of X .
•Only contains matrix computation, the complexity is
O(max(N, T )).

Simulation and Application

Main Results of Simulations
•GER estimator has good finite sample properties.
•HFA provides a more efficient estimation of factors and
factor loadings than PCA.

•HFA estimates is robust when some assumptions unsatis-
fied.

Main Results of Application
•GER criterion of HFA provides a reasonable factor i-
dentification, including the number of non-Gaussian and
Gaussian factors, than existing approaches.

•HFA factors has additional predictive value than PCA
factors, which indicate that the HFA factors could indeed be
high value in macroeconomic aggregates prediction.


