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1 - INTRODUCTION
The availability of large data-sets and the instability of the economy let many economic series feature
changes overtime. To handle such data complexity, [2] develop a Time Varying Vector Autoregressive
Model (TVP-VARs) with random walk coefficients and latent factor structure in a state space system,
whose main limit is that the computational burden increases significantly when the number of series
grows. This paper addresses these issues proposing a new Time Varying Multivariate Autoregressive
Index (TVP-MAI) model featuring time varying mean and volatility. We propose a mix switching al-
gorithm with forgetting factors reducing the computational burden and able to select or weight, in real
time the number of "factors" and other features without further computational cost.

2 - THEORY
Let yt ≡ (y1,t, . . . , yN,t)

′ denote an N -vector of
time series generated by a stationary vector au-
toregressive (VAR) model of order p:

yt = Φ(L)yt−1 + εt, t = 1, 2, ..., T, (1)
where Φ(L) =

∑p
h=1 ΦhL

h and εt are i.i.d. in-
novations with E(εt) = 0, E(εtε

′
t) = Σ (positive

definite) and finite fourth moments. Assume that:

Φ(L) = β(L)ω′ (2)
where β(L) =

∑p
h=1 βhL

h, βh is an N × q ma-
trix for h = 1 . . . p and ω is full-rank N × q matrix
q < N . It means that there is a reduced number
of channels through which each variable is influ-
enced by the past. Model (1) can be rewritten as a
MAI:

yt = β(L)ft−1 + εt (3)
where ft = ω′yt is a q vector of indexes. We ex-
tend the model (3) allowing the variation in both
the mean and the variance equation and getting
the TVP-MAI whose state space form is:

yt = Ztβt + εt, εt ∼ N(0,Σt)

βt = βt−1 + ηt, ηt ∼ N(0, Q)
(4)

where Zt = {fjt =
∑N

k=1 ωkjykt} is the stack of all
the "observed" factors (indexes) depending on the
unknown ω, βt = {β1,t, . . . , βj,t} is an j×1 vector
of time varying βs (states), following a random
walk dynamic, εt and ηt are a mutually indepen-
dent errors and Σt features stochastic volatility.

3 - ESTIMATION METHOD
The estimation starts from the same algorithm de-
scribed in [1] and introduce the time-varying pa-
rameters as follows:

1. Given (initial) estimates of ω and Σt, run
the Kalman Filter (KF) for model reported
in equation (4) to get the optimal estimates
of the latent states β̂t = [β̂1,t, . . . , β̂j,t].

2. Given the β̂t and the ω extract Σt using
an exponentially weighted moving average
(EWMA) estimator for the measurement er-
ror covariance matrix:

Σ̂t = kΣ̂t−1 + (1− k)ε̂tε̂
′
t

where ε̂ = yt − βt|tZt is a KF output.

3. Premultiply by Σ̂
−1/2
t and apply the Vec op-

erator to both the sides of Equation (3), to
get:

Vec(Σ̂
−1/2
t yt) =

r∑
h=1

(y′t−h ⊗ Σ̂
−1/2
t β̂h,t)Vec(ω′)+

+ Vec(Σ̂
−1/2
t εt).

Given the previously obtained estimates of
β̂t and Σ̂t, estimate Vec(ω′) with OLS.

4. Repeat steps 1, 2 and 3 till numerical con-
vergence occurs.

We define non informative priors, setting the time
varying parameter initial conditions as follows:
β0 ∼ N(0, 4), Σ0 ≡ In and ω equal to the esti-
mated loading of a dynamic factor model (DFM).
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4 - EMPIRICAL APPLICATIONS
We consider a data-set of 25 major quarterly U.S. divided in 3 groups to define different sizes of the VAR
models. The small models consist of the three target variables, which are output(GDP), inflation (CPI) and
the effective Federal Funds interest rate (IR). In the medium models we include four additional variables:
a commodity price index, borrowing from the Fed, the S&P500 index, and money stock. In the large models
we consider 18 more variables, which include the unemployment rate, income and consumption variables.
The time span is from 1960:1 to 2019:4 thus including the Great recession and the recent unconventional
monetary policy. We perform an out-of-sample forecasting exercise. While we use the full quarterly US
FRED-DB to develop a structural analysis to identify real, nominal, labour, monetary and financial shocks
and their effects on the variables under analysis.

5 - FORECASTING EXERCISE
We compare the GDP, CPI and IR forecasting performances of 17 models including: the original MAI
model, the MAI-SV with Σt evolving over time, the TVP-MAI model without stochastic volatility, a
standard VAR with 1 and 4 lags estimated using OLS, a DFM and a Random walk with respect to a
TVP-VAR (benchmark). We consider a range values for the forgetting factor, λ ∈ {0.97, 0.98, 0.99, 1},
while for the decay factor a grid of values k ∈ {0.96, 0.98, 1}. The h = 1 . . . 8 steps-ahead forecast is
performed using an expanding window whose initial sample is 1960:3 - 1972:4. Forecasts are compared
using MSFE and MAFE, while to evaluate density forecast we use average predictive likelihood (APL).
Looking at the results we can state that TVP-MAI is almost always the best performer in the short run
(h = 1, . . . 4). For CPI and IR the TVP-MAI performance improves in the long run (h = 5, . . . 8) consid-
ering a larger data-set. In any case, although TVP-MAI are not always the best forecasting approaches,
they are typically among the best and never forecast poorly. This result guarantees a safe forecasting
procedure differently from other model which sometimes forecast better but some other quite poorly.

6 - STRUCTURAL ANALYSIS

We use the US economy quarterly FRED database
including 219 series to identify real, nominal,
labour, monetary and financial shocks and their ef-
fects on the variables under analysis. By applying
a Choleski decomposition of the covariance ma-
trix Σt, we identify structural factors, shown in the
figure. Generally speaking factors capture well
both the Oil crisis in 1970s and the Great Financial
Crisis. In term of size, labour and nominal factors
are those with the largest changes, while the coef-
ficients of real and finance are smaller than the oth-
ers. Interesting is that the financial crisis is well
displayed by real, finance and price factors. Dif-
ferently, although series are differenced to achieve
stationarity, the nominal and labour factors present
a clear trend change from 2008. Notice that the
trend change of the two series present an oppo-
site direction: increasing (decreasing) until 2012
for nominal (labour) and the opposite after 2012.

Finally, we observe that while real and nominal
present a positive correlation before the financial
crisis, their correlation changes its sign after 2008.


